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ABSTRACT Methods are developed for the inclusion of hydrodynamic interaction in the simulation of chain 
polymer dynamics. These methods are applied to the calculation of the sedimentation constant and intrinsic 
viscosity of Gaussian chains. Due to the limited number of trajectories, results for the intrinsic viscosity are 
indefinite but are consistent with analytical estimates that fluctuating hydrodynamic interaction (HI) causes 
a decrease in the intrinsic viscosity, relative to results with preaveraged HI, in the range of 510%. The decrease 
in sedimentation or diffusion constant due to fluctuating HI is found to be about 1 %, 

I. Introduction 
The purposes of this work are first to devise a practical 

scheme for the inclusion of hydrodynamic interaction (HI) 
in the computer simulation of polymer motion and second 
to apply that scheme to the calculation of the diffusion 
constant and intrinsic viscosity of Gaussian chains. These 
purposes have not been entirely achieved. Further im- 
provements of the algorithm are desirable, and additional 
simulations are essential, to reduce statistical uncertainty. 
The method nevertheless seems sufficiently promising to 
offer in this preliminary form. 

The steady-state transport coefficients of long chains 
reflect only long-range HI. An accurate treatment of 
short-range HI is required in the quantitative study of fast 
local motions or in the study of any motion of short chains. 
We have not attempted this. (One might well wish to 
attempt such calculations; a literal application of the 
Navier-Stokes equation with slip boundary conditions has 
shown good predictive powers.’ However, the HI of even 
two spheres at  close range is a nontrivial problem.) Here 
we stick to the traditional model of point centers of fric- 
tion. The friction constant is presumed proportional to 
the solvent viscosity, but the proportionality constant is 
a parameter. In the long-chain limit the friction constant 
drops out of the steady-state transport coefficients. 

This work was inspired mainly by the appealing algor- 
ithms developed by Zimm for the sedimentation constant 
and intrinsic viscosity calculation.2 These algorithms were 
based on the assumption that a polymer chain would move 
as a rigid body in certain uniaxial flows and gave the 
transport coefficients from a Monte Carlo sampling over 
the equilibrium phase space. This has to be contrasted 
with the slower dynamical simulations developed here. 
However, as we have reported elsewhere? an analytical 
exploration of the rigid-body assumption leads to ex- 
pressions for the transport properties that violate appro- 
priate symmetry conditions, and the assumption has to be 
regarded as approximate. Here we attempt to gauge the 
error through direct dynamical simulation. 

To the best of our knowledge a simulation of polymer 
chain motion that includes HI has not been a ~ h i e v e d . ~  
There does not seem to be much question about which 
basic Langevin or stochastic equations should be used. For 
systems with6 or without6 constraints the stochastic 
equations equivalent to the usual diffusion equation for 
chain motion have been recorded. We summarize the 
unconstrained equations in section 11. The major problem 
is a purely technical one: the square root of the hydro- 
dynamic interaction matrix occurs in the stochastic dif- 
ference equations; it depends on configuration and must 
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be evaluated anew a t  every step along a trajectory. An 
iterative process that partly finesses and partly solves this 
problem to arbitrary accuracy is developed in section 11. 
The computation time for a single step is proportional to 
the square of the chain length. 

The focus of this work is on the validity of preaveraging 
the HI matrix. Very few studies of chain polymer dy- 
namics have attempted to avoid this approximation. In- 
deed, except for papers that make implicit or explicit as- 
sumptions about molecular symmetry,2 we know of only 
two related  calculation^.',^ These dealt with the intrinsic 
viscosity and used perturbation theory together with a 
truncated representation of the diffusion operator. As is 
discussed in more detail in section V, our simulations are 
consistent with the intrinsic viscosity calculations but are 
far from sufficient to give a quantitative confirmation. We 
can give strong support to perturbative work on fluctuating 
HI, especially that concerned with long-range HI. Our 
results also indicate that short-range HI could be treated 
perturbatively; trajectories computed with and without 
fluctuating HI lie close together. But this may be an 
artifact arising from our smoothing of the Oseen interac- 
tion at short distances to avoid singularities. Further study 
of the effect of HI on fast local processes is required. 

Our approach has been to study the trajectories for the 
same sequence of random solvent forces with and without 
preaveraged HI. In this aspect we mimic Zimm’s strategy2 
for minimizing the effects of finite sample size. The results 
achieved for the diffusion constant are useful largely be- 
cause the effects of fluctuating HI can be confined to a 
small part of the diffusion constant. This small part is 
obtained from a time correlation function developed in 
section 111. On the other hand, all of the intrinsic viscosity 
has to be obtained from a correlation function, and the 
results are less precise. (A first-order perturbation 
treatment of fluctuating HI in intrinsic viscosity theory 
would have allowed a fairly easy evaluation from the sim- 
ulations. However, we did not think of this in time. A 
purely analytical evaluation of the first-order corrections 
would be extremely tedious if complete.) 

Aside from the development of methods which may be 
useful in other contexts, our major result is that the effect 
of HI fluctuations on the sedimentation constant of a 
Gaussian chain does not exceed a few percent. (Indeed, 
the evidence points to about a 1 % correction.) This means 
that the simple and explicit Kirkwood formulag for the 
sedimentation constant in terms of the average HI matrix 
is not in error by more than about 3% (the explicit formula 
fails by 1.67% even with preaveraged HI). 
11. Equations of Motion 

A. Summary. The appropriate Langevin equations for 
an unconstrained chain polymer have been given by 

0 1981 American Chemical Society 



Vol. 14, No. 6, November-December 1981 

Zwanzigs and were reviewed by F i ~ m a n . ~  The equations 
are summarized here with some slight changes from earlier 
n ~ t a t i o n . ~  Conventions for upper/lower subscripts are 
dropped because Cartesian coordinates suffice for the 
unconstrained system. Superior bars will here designate 
equilibrium averages rather than Cartesian coordinates. 
The chain has M bonds and N = M + 1 beads which obey 
the following equations in the coordinate phase space. The 
sum convention is used. 

(2.1) dri/dt = Vi0 + Hij(Ej + Wj + Lj) 

or 
dRi/dt = Vi0 + Hij*(Ej + Wj + Lj) (2.2) 

Equations for tensors or their coordinates will be used as 
convenient, usually with only boldface type to signify the 
former. In eq 2 .1 the indices range over i, j = 0, 1 , 2 ,  ..., 
3M and in eq 2.2 over i, j = 0, 1,2,  ..., M. E j  is an external 
potential force, Wj is an intramolecular potential force, and 
Lj is the random force. Hi, is the hydrodynamic interaction 
tensor, and Vi0 is the unperturbed solvent velocity field 
evaluated at  the position of molecule i. The following units 
are used: length, b; energy, kBT; time, @b2/kBT. b is a 
reference bond length (a root mean square for the Gaussian 
chain) and 0 is a reference friction constant for the drag 
on one bead. 

For uniform chains Hij is given by 
H . .  [I = H..(R..) 11 [I (2.3) 

where 
Hij(R) I liijl + (0/87rsob)(l - liij)(l + ee)f(R) (2.4) 

where 1 is the 3 X 3 unit matrix, vo is the solvent viscosity, 
e = R/R, and f(R) = 1/R in the Stokes-Oseen approxi- 
mation. In this work the function f(R) will be modified 
to remove the singularity a t  R = 0. 

The displacement of a bead position during a finite time 
increment is given to first order in s by 

 AX^ = [Vi'' + Hij(Ej + Wj)]s + ( d H i j / d ~ j ) ~  + HijMj 
(2.5) 

where 

and s is the time increment. The quantities V?, Hij, Ej, 
and Wj,  are all functions of coordinates and refer to values 
a t  the beginning of the time interval. 

Equation 2.5 gives the correct first and second moments, 
( Axi) and ( AxiAxj) ,  respectively, to first order in s, Le., 
the moments that result in a conventional diffusion 
equation, if the Langevin forces are assigned the following 
statistical properties: 

( M i )  = 0 

(MiMj) = 2(H-')ij~ (2.7) 

The angle brackets designate an average over the Langevin 
forces, which constitute the sole random process in the 
equations of motion. The symbol ( )e will represent the 
same average for a system in equilibrium, i.e., with the 
external forces E j  and the velocity field VO suppressed. 

In practice the random forces Mi must be generated 
from independent pseudorandom numbers supplied by the 
computer. We have used random numbers 

( Q i )  = 0 
( Q i Q j )  = 6ij/3 (2.8) 
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These were uniformly distributed in an interval. The 
random forces have a Gaussian distribution, but it was 
necesssary to choose such a small time interval s that only 
the first and second moments affect the distribution of 
trajectories. The normalization in (2.8) was chosen for 
convenience. I t  follows that the forces M I  may be con- 
structed from 

MI = ( ~ S ) ~ / ~ ( S - ~ ) , , Q ,  (2.9) 

S I H1/2 (2.10) 

where the symmetric matrix S is given by 

Consequently eq 2.5 may be written in the form 
Ax, = [V,O + H,,(E, + W,)]s + (dH,/dx,)s + ( ~ S ) ' / ~ Y ,  

We retain the nonequilibrium perturbations E, and V,O 
only for some work in the next section. The terms were 
suppressed during simulations. 

B. Square Root of HI Matrix. Construction of the 
square root of H is a major technical difficulty. A spectral 
decomposition is the textbook route to irrational functions 
of matrices, but this would require evaluation of the ei- 
genvalues and eigenvectors of H at the beginning of each 
time interval. This seems impractical except for the 
shortest chains. For this reason we adapted an interative 
procedure.1° The n + 1 estimate of S is determined from 
the nth estimate according to 

(2.12) 

where A, is a sequence of constants (after some experi- 
mentation, we chose X 1  = 0.5, X2 = 0.4, and An = 0.35 for 
n > 2). This iteration was applied first to the square root 
of R1 = ( H ) e ,  to obtain an initial approximation to S. We 
started with S1 = 0 and obtained convergence to the im- 
posed accuracy in about six to eight iterations. Conver- 
gence was judged from the changes in S induced by one 
iteration. If the norm of the difference matrix was less 
than 0.001 times the norm of S, the iteration was ended. 
For the norm we used the root-mean-square value of all 
elements of S. 

The procedure just outlined requires O(W) arithmetic 
operations. This is not especially painful for the square 
root of I?, since I? does not fluctuate. However, calculation 
of the square root of the fluctuating matrix H would re- 
quire, in comparison, O(27W) operations a t  the start of 
each time increment in the simulation, and this still 
seemed impossible. Fortunately it turned out to be un- 
necessary. Equation 2.11 requires only a single vector 
formed from S, namely, Y, = S,Q,, and this can be made 
in O(9N)  operations by the following somewhat abstract 
procedure. 

Let Q be the vector of random numbers described by 
eq 2.8 and 

Yn = SnQ (2.13) 

the nth estimate of the force vector required in eq 2.11. 
The first estimate is defined by 

Yl = (H)e1/2Q (2.14) 

The square root of ( H ) e  is computed once, at the beginning 
of the run, by the method previously described. Equation 
2.12 gives 

Yn+l = Yn + A n W Q  - S n Y n )  (2.15) 
This equation does not in itself provide a satisfactory basis 
for iteration because S, occurs on the right-hand side and 
is not explicitly known. We can, however, avoid an explicit 

Y ,  I S,Q, (2.11) 

S,+1 = S,  + Xn(H - S,') 
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(which is a factor 2ll2 larger than Osaki's" h*). The result 
is 

VjeHij = ( 3 ~ / 2 ) ' / ~ ~ ~ h * ( l  - &j)Rij[Rij(Ri? + Q')']-~ 

(2.25) 

Hij = 16ij + (1 - 6ij)(3~/32)'/~h*(1 + RijRij/Ri?)f(Rij) 
(2.26) 

111. Time Correlation Functions 
In this section we construct the time correlation func- 

tions for the correction to the Kirkwood diffusion formula 
and for the intrinsic viscosity. The latter is given by a 
well-known stress correlation formula, but we include its 
derivation for completeness and because few additional 
lines are required. The first part of the argument parallels 
the (approximate) analytical discussion of Horta and 
Fixman.12 

The diffusion equation for the distribution function 
\k(R,t) of chain coordinates, equivalent to the Langevin 
equation (2.1), is given by 

d \ k / d t  = -Vi*(vi\k) (3.1) 

Vi = Vi0 + HijeFj (3.2) 

(3.3) 

We will suppose that either the external force E or the 
velocity field V o  is present, but not both. 

The mean increment of stress due to the addition of one 
polymer molecule in unit volume is given by 

where 

and the frictional force F j  is given by 
Fj = E, + W ,  - kBmj In \k 

u = -C(RiWi)  (3.4) 
Only the traceless part of u is intended to be retained; the 
trace is a contribution to the pressure or osmotic pressure 
and is discarded. With that understanding, W i  may be 
replaced by Fi.13 We will assume that \k is independent 
of the polymer center of mass and that averages are taken 
over internal coordinates only. 

The average velocity is given by eq 2.2 and 2.3 with V o  
= 0. 

(3.5) 

To first order in the external field we have, after an in- 
tegration by parts and use of the symmetry of H 

( V i )  = SHij.(Ej + Wj - k B T o j  In \k)\k d(R) 

( V i )  = (Hij),.Ej + (Hij-Wj + kBToj*Hij) (3.6) 

The first term on the right-hand side gives the Kirkwood 
formula, and the second term provides the correction. We 
note that Vj-Hij vanishes if the Stokes-Oseen tensor is used 
for H (as a consequence of the incompressibility of the 
solvent). Our modification of H precludes that simplifi- 
cation at  this stage. However, when a sum over i is taken 
to obtain the center-of-mass velocity V , ,  the divergence 
term will vanish from the expression for V, because H . .  
remains a function of Rip The divergence of the modifiea 
H cannot be deleted from the Langevin equation. 

For an evaluation of the averages in eq 3.4 and 3.6, we 
require the distribution function to first order in the ex- 
ternal perturbations. Equations 3.1 to 3.3 give 

&&/at + Lc\k = -Vi*[V: + Hi;*Ej]\k (3.7) 

where 
L\k = Vi.[Hij*(Wj\k - kBrOj\k)]  (3.8) 

The linearized steady-state solution is 

use of S, through the introduction of an operator 0, on 
3N-dimensional vectors such as Y,,. Indeed, 0, will turn 
out to be equivalent to matrix multiplication by S,, but 
0, is generated as a sequence of nested subroutines rather 
than as an array of numbers S,. The latter is never con- 
structed. 

With f and g arbitrary 3N-dimensional vectors, let 

g = On+J 
Of + X,,[Hf - O,(O,f)] (2.16) 

In order to perform its function, the operator or subroutine 
On+, makes two calls on subroutine On, first with the 
known f as input to 0, and then with the known vector 
Of as input. 0, likewise makes two calls on These 
nested or recursive operations terminate a t  n = 1, with the 
definition 

0 J = S J = (H),1/2f (2.17) 

It is apparent from eq 2.16 that 
OJ = SJ 

and by induction from eq 2.16 that 
Of = Sf (2.18) 

The following use was made of these nested subroutines. 

Yn+1 Yn + X n W Q  - OnYn) (2.19) 

Thus there is only one call to 0, in the iteration from Y,, 
to Y,,+l. However, 0, makes two calls to On-l, and so on. 
So it is obvious that the number of arithmetic operations 
required to reach Y,, from Yl is growing exponentially with 
n. For the modified iteration scheme the number of op- 
erations is proportional to 9p2" ,  and for the original 
scheme where the square root of H is computed, to 27Pn .  
Either scheme would be much faster than a spectral de- 
composition of H, unless a large n is required. 

Clearly the modified algorithm is highly advantageous 
only if small values of n are used. As it turned out, the 
imposed accuracy was usually achieved with n = 2 or 3; 
larger values occasionally occurred. Accuracy was judged, 
as for the square root of the average H ,  by the root mean 
square of elements of Y,+l - Y,, divided by the root mean 
square of Y,. This ratio was required to be less than 0.1 
or 0.05; a few trials indicated corresponding differences 
only in the fourth "significant figure" of correlation 
functions. This insensitivity suggests a lack of correlation 
between the errors of Y,, and those properties of the tra- 
jectories that were actually computed. 

C. Modified Hydrodynamic Interaction. In the 
equation of motion (2.11) we require d H i j / d x j ,  or Vj.Hij,  
since H is symmetric. We need consider only i # j :  

Given Y,,, eq 2.15 and 2.18 give Y,,+l: 

VjmHij = (@/8~tlob)VR*T(R) (2.20) 

where R = R, - Ri and 
T ( R )  = ( 1  + RR/R2)f (R)  (2.21) 

V,*T(R) = 2 ( R / R ) ( f ' +  R-lf) (2.22) 
The divergence works out to be 

We used 
f (R )  R / ( R 2  + a') (2.23) 

to eliminate the singularity, with a a parameter chosen 
variously to be 0.5 or 1 in units of b. The strength of 
hydrodynamic interaction was measured by h* 

h* = p/(61/2~3/2tlob) (2.24) 
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\k = \ke - -C-'Vi.[ViO + Hij*Ej]\k, (3.9) 

Contact with a correlation function formalism is made 
through 

f-1 = J-e-LL dt (3.10) 

The last two equations, together with the symmetry of H 
and the facts that We 0: exp(-W/kBT) and ViV? = 0, give 

\k = \ke - Jme-Lt[(Wi/kBT).(V: + Hij.Ej) + 

We consider an external force for which Ei = E,, the same 
for each bead. This makes the divergence of H drop out 
of eq 3.11. 

We compute the average of the center-of-mass velocity 
V, from eq 3.11, after suppression of the external velocity 
field Vo, to be 

V, = C ( V i ) / N  = (Do - &)E, (3.12) 

(Vi.Hij)*Ej]\k, dt  (3.11) 

where 

Do = (3N)-'CC tr  (Hi j )e  (3.13) 
i f  

and 
A CCHij-Wj (3.15) 

i f  

We have used A(t)\ke = exp(-Lt)A(O)\k,. 
Likewise, the mean value of the stress tensor is com- 

puted from eq 3.4 and 3.11, with suppression of the ex- 
ternal force Et 

~BTBo[?I = JmCs(t) dt  = Jm(s(t)S(o))e 0 d t  (3.16) 

where 
S C W,"R;' (3.17) 

Equation 3.16 is a well-known result. The intrinsic vis- 
cosity in this form has concentration units of polymer 
molecules/volume, rather than the conventional grams/ 
volume. In the actual calculations, eq 3.16 was replaced 
by its average over orientations of the reference frame.14 
Such an average has already been used implicitly in eq 
3.14. 

IV. Preaveraged Hydrodynamic Interaction 
In this section we evaluate the correlation functions 

c A ( t )  and Cs(t) for the Zimm model, Le., with H replaced 
by (H)e .  A Gaussian distribution of relative bead distances 
gives 

i 

( H i j ) e  = 
1[6, + (1 - 6ij)h*(i - jl-1/2(l - xexEl(x))] = 18, (4.1) 

where 

x I 1.5cu2/li - jl El(x) =Imy-'e-y X dy (4.2) 

With the preaveraged H, a conditional average of eq 2.2 
or 2.11 for a given initial configuration shows that 

dRi/dt = RijWj (4.3) 

A transformation of this equation to bond vector coordi- 
n a t e ~ ~ ~  
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b.  I R.  - Ri-l = A..TR. 
1 1  v I 

l l i l M  O l j l M  (4.4) 
A-T I t  A, = 6i, - 0 5 i I M 1 I j I M 

is advantageous because the mean center of mass is in- 
variant according to eq 4.3. Moreover, a Gaussian chain 
has 

Wi = -d W/dRi = -Aij(d W/dbj) = -3Ai;bj (4.5) 
It follows that 

dbi/dt = -3Bijbj (4.6) 
where B is the M X M matrix 

B = ATHA (4.7) 
and 

b(t) = exp(-3Bt)b(O) (4.8) 
Calculation of the stress correlation function is based 

on eq 3.16,3.17, and 4.8 and the supplemental observation 
that orthogonal projections of the chain vectors relax in- 
dependently: 

CsPA(t) = E[exp(-6Bt)lii = tr exp(-6Bt) (4.9) 
i 

Equations 3.14 and 3.15 similarly give 
CAPA(t)  = 9 C C [ E  exp(-3Bt)F], (4.10) 

i f  

where 
E = H A  (4.11) 

The actual calculations followed eq 4.9 and 4.10 quite 
literally, with exp(-3Bt) evaluated as a power of exp(-3Bs) 
and integral values of t / s .  Since s was chosen to be small, 
exp(-3Bs) could be obtained from a power series expan- 
sion. (Probably we should have diagonalized B; matrix 
multiplication seemed easier at  the time.) 

Integration of CAP according to eq 3.14 and 4.10 gives 

(4.12) 

Equations 3.16 and 4.9 give 
1l0[1l1~ = (tr B-')/6 (4.13) 

We have been especially interested in corrections to the 
Kirkwood formula foor the diffusion or sedimentation 
constant of long chains. A crude estimate of the limit of 
Dlp/Do was given by Horta and Fixman12 using a Rouse 
mode representation of the diffusion operator. This gave 
0.014 for the ratio. An exact calculation, summarized in 
the Appendix, gives 

3 7 ~ ~  
lim Dlp/D0 = 1 - = 0.01673 (4.14) 
N-- 8(21'2) [r(3/,)I2 
This is equivalent to the result ascribed to Auer and 
Gardner by Zimm.2 (We redid the analysis to check the 
old result and our formula of Dl.) Equation 4.14 is, of 
course, based on preaveraged HI. The corresponding 
correction for fluctuating HI, Dl/Do, will be inferred from 

D1/Do = (Dl/Dlp) X 0.01673 (4.15) 
Figures 1-3 illustrate the several correlation functions 

calculated analytically with preaveraged HI. We have also 
shown the correlation function CLP(t) for the end-to-end 
vector L(t): 

c,(t) E (L(O).L(t) )e (4.16) 

CLp(t) = CC(e-3Bt)i, (4.17) 
M M  

1 1  
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I I I I I  

0 . 5  I 1.5 , 2 

Figure 1. Logarithm of the correlation function CLp for the 
end-to-end vector vs. time for chains of 5, 10, and 20 bonds. 
Preaveraged hydrodynamic interaction with strength parameter 
h* = 0.5 and smoothing parameter CY = 0.5. 

01 I I 1  

- 

-6 - 

0 . 5  I 1.5 + 2 

Figure 2. Diffusion vector correlation function CAP vs. time. 
Other conditions as in Figure 1. 

0 . 5  I 1.5 , 2 

Figure 3. Stress correlation function Csp vs. time. Other con- 
ditions as in Figure 1. 

The simulation results for preaveraged HI will not be 
displayed directly because the focus of the calculation was 
on such ratios as CA/CAp. However, the simulation results 
with preaveraged HI all agreed with the analytical results 
to within, and usually well within, the statistical errors of 
the former. Those errors were estimated to lie in the range 
2-10% for t = 0 and to increase with t in roughly inverse 
proportion to the correlation functions. 

To provide some feeling for the magnitude of cmrections 
D1 to the Kirkwood formula Do for the diffusion constant, 
we have listed values for the 5-, lo-, and 20-bond chains 
in Table I. 
v. Results 

A. Expected Time Dependence. The HI matrix is 
required to be positive definite, and it follows that the 
diffusion operator will also have this property (if the 
equilibrium distribution function, an eigenfunction with 

Table I 
Values for the Diffusion Constant Given by the Kirkwood 

Formula (Do) and the Correction ( D , )  to It in the 
Preaveraged Hydrodynamic Interaction Approximation as 

a Function of the Number of Bonds M and the Short 
Distance Smoothing Parameter a a 

1 5 1.79 0.00015 
1 10 2.49 0.00116 

0.00427 1 20 3.67 
0.5 5 2.25 0.00263 
0.5 10 3.17 0.00625 
0.5 20 4.63 0.0109 

m 0.0167 

for the infinite chain is independent of a and h*. 
a The HI strength parameter h* = 0.5. The ratio D,/Do 

zero eigenvalue, is excluded). Consequently we expect that 
any correlation function has a representation 

c(t) = Cak exp(-vkltl) (5.1) 

with positive eigenvalues V k .  A steady-state transport , 

property will be obtained from the integral 

For large N and small k the Rouse or Rouse-Zimm ei- 
genvalues vary with N as (k /N2 or (k/N)1.5, re~pectively.~ 
Therefore the steady-state transport property is dominated 
by the slowest modes. We expect this to remain true with 
fluctuating HI, and so the long-time behavior of the cor- 
relation functions is required if inferences are to be drawn 
about the transport properties of long chains. 

For very long times the asymptotic behavior of corre- 
lation functions computed with fluctuating and with 
preaveraged HI should have the ratio 

(5.3) 

and a plot of In (C/Cp) against t should approach a straight 
line. The eigenvalues without subscripts refer to the 
slowest modes of the chain. Moreover, this line must have 
a nonnegative slope for vector correlation functions. This 
follows from a variational principle v < up for eigenfunc- 
tions of a given spatial symmetry. (A similar remark could 
be made about tensor eigenfunctions, but the preaveraged 
HI matrix would have to be slightly modified along the 
lines discussed by Pyun and Fixman.9 

B. Parameters. The list of parameters that had to be 
specified at the start of any simulation was rather exten- 
sive: the number of beads N ,  the number of trajectories, 
the time interval s, the total duration of a trajectory, the 
permitted error in the square root of the HI  matrix, the 
smoothing parameter a in the modified HI matrix, and the 
smoothing parameter x,. The last parameter, x,, was 
introduced as follows: Hjj  was replaced by (Hi, )e  for li-jl 
I x,. The HI strength parameter was always taken to be 
h* = 0.5. According to eq 2.24, this represents a bead 
radius a = 0.3626 if a Stokes value is used for the bead 
friction constant. 

The computation time did not seem inordinate. For N 
= 21 a single time increment along a trajectory required 
about half a second of computer time on a computer that 
required about 1.5 X s for a floating-point operation. 
Computer time increases as N2 for trajectories of fixed 
duration. The longest relaxation times presumably in- 
crease as MI2, as in the RouseZimm model, and one might 
wish to increase the durations accordingly, depending on 
the problem under study. However, our ratios C/Cp had 
settled down to apparent constancy with respect to t at  

C/Cp - ( a / a P )  exp[-(v - vP)t] 
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1.0 

rather short times, on the order of 0.6 f 0.2 in reduced 
units, with no clear dependence on N .  Consequently, we 
did not increase the duration of trajectories with increasing 
N .  

The short-time behavior of the correlation functions is 
naturally important in a quantitative calculation of 
transport coefficients of short chains. But that behavior 
may be strongly influenced by the values of the smoothing 
parameters a and/or x,, in addition to the more funda- 
mental physical limitations of the model. So we do not 
report any numerical integrations for the transport coef- 
ficients. 

Because our main interest was the effect of fluctuations 
in hydrodynamic interaction on the two transport coeffi- 
cients, we compared the correlation functions computed 
with and without the use of preaveraged HI, but for the 
same initial configurations and same Langevin forces. This 
procedure, an adaptation of Zimm’s,z reduces the effect 
of sample fluctuations. 

For the results to be reported, we chose a = 0.5 or 1. 
Larger a’s  reduce HI of nearby beads and accelerate the 
convergence of the iteration scheme for square roots. 
However, the chains we deal with are short (the root- 
mean-square end-bend distance of a 20-bond chain is only 
4.47), and large a’s lead to relatively long-range forces 
because of the Vj.Hij terms in the equation of motion. A 
serious practical difficulty also results from the fact that 
cA/cAp for small times increases rapidly with increasing 
a (mainly due to decreasing CAP). This makes the long- 
time behavior of the ratio very noisy. 

Other parameters were time increments = 0.01, duration 
of a trajectory equal to about 3, in reduced units, and 
number of trajectories equal to 1600/M, where M is the 
number of bonds. Correlation functions were calculated 
to about t = 2, typically, but the stastical uncertainty 
increases with t ,  in part because the correlation functions 
decrease and in part because the number of samples de- 
creases. 
C. Results. I t  is apparent from the correlation func- 

tions with preaveraged HI, as shown in Figures 1-3, that 
the relative contribution of slow and fast relaxation is 
greatest for the end-to-end vector, least for the stress, and 
intermediate for CAP. I t  is therefore not surprising, in 
retrospect, that the results are clearest for relaxation of 
the end-bend vector and least clear for stress relaxation. 
Indeed, only for the 20-bond chain could we obtain stress 
correlations for which the long-time behavior seemed re- 
sonably independent of smoothing parameters. 

We begin with the correlation function CL(t )  for the 
end-to-end vector L(t). The effect of fluctuating HI on 
this correlation function was negligible within statistical 
error. More precisely, the ratio CL/CLp was unity for t < 
2, the largest value calculated, to within the statistical error 
of the ratio, about 0.01 for small t to 0.03 for large t. The 
uncertainty in the individual correlation functions was 
5-10 times larger. Two inferences can reasonably be drawn 
from this result. First, the long-wavelength vector modes 
of the chain are very slightly affected by fluctuating HI. 
Second, the rotational diffusion constant will be affected 
very little by fluctuating HI because the slow relaxation 
of L is predominantly achieved by rotational diffusion. 

The ratios cA/cAp are shown in Figure 4 for chains with 
5,10, and 20 bonds. The values of this ratio at short times 
are highly dependent on the smoothing parameters a and 
x,. Remarkably, however, almost all of that short-time 
dependence arises in the values of the fluctuating quantity 
A and not in the trajectories themselves. When we com- 
puted CA from trajectories generated with preaveraged HI, 
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Figure 4. Logarithm of the ratio c A / c A p  vs. time for chains of 
5,10, and 20 bonds. h* = 0.5 and smoothing parameters a and 
x ,  varied. Five bonds: (X)  a = 1, x ,  = 3; (0) a = 0.5, x ,  = 3. 
Ten bonds: (X)  a = 0.5, x ,  = 3; (0) a = 0.5, x ,  = 6. Twenty 
bonds: (x) CY = 1, x ,  = 5; (0) a = 0.5, x ,  = 10. 
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0 . 5  I , 1.5 

Figure 5. Logarithm of the ratio Cs/Csp vs. time for 20-bond 
chain. Conditions duplicate those for the 20-bond chain of Figure 
4. 

but with A evaluated from the fluctuating HI matrix, the 
short-time behavior of CA ( t  C 0.3) was not affected within 
the statistical error of about 4%. This relative insensitivity 
of the trajectories (at least in this one respect) to fluctu- 
ations in HI might well persist to longer times. The results 
are quite suggestive that perturbative theories and per- 
tubative simulations of fluctuating HI are worth further 
study. 

At long times the ratio cA/cAp shown in Figure 4 seems 
to approach a constant value. Admittedly the data are not 
very precise. For M = 5 bonds the sequence of points has 
been truncated because the ratio dropped below unity and 
simultaneously showed highly erratic time dependence. 
Ratios for a = 0.5 were much smoother functions of time 
and showed much smaller sample variance than ratios for 
a = 1. The former data indicate that CA/CAp approaches 
a ratio of about 1.5 at large times, independent of chain 
length. This limiting value is reached at fairly short times, 
t < 0.6, where the statistical uncertainty is still reasonably 
small, 10-20%. 

We conclude, therefore that the ratio Dl /Do  for long 
chains does not exceed the value 0.0167 obtained with 
preaveraged HI by more than 50%. Thus D1/Do is esti- 
mated to be under 3%. 

The stress correlation function undergoes the largest 
decay of the three correlation functions that were studied, 
and therefore the results for i t  were the least significant. 
Systematic behavior a t  moderate values of t was not 
achieved until we reached the 20-bond chain. Results are 
shown in Figure 5. If the long-time results are indeed 
representative, one would predict that fluctuating HI 
lowers the intrinsic viscosity of long chains by 7-9%. 
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However, our results are few and rough, and we do not see 
the positive slope at  large times predicted by the eigenvalue 
calculations of Bixon and Zwanzi2 (they calculated Y = 
0 . 5 ~ ~  on the basis of a truncated representation of the 
diffusion operator given by Pyun and Fixman7). So firm 
conclusions must be deferred. 

All the simulation results must be regarded as prelim- 
inary, as is evident from the figures. The methods also 
could no doubt be improved. For example, scaling the HI 
matrix is a possible device to improve the convergence 
properties of the square root algorithm. On a more fun- 
damental level, alternative methods of smoothing the HI 
matrix should be explored. For example, the short- 
wavelength Rouse-Zimm modes could be preaveraged or, 
alternatively, decoupled from the long-wavelength modes. 
How this can be done with minimum loss of precision 
remains to be seen, but it seems very probable that the 
detailed local dynamics is irrelevant to the gross motions 
studied here. Some study of its elimination is therefore 
worthwhile. 

Acknowledgment. We are grateful to W. H. Stock- 
mayer and B. H. Zimm for many discussions of the subject 
treated here. 

Note Added in Proof. The recent acquisition of com- 
putational facilities allowed the study of a greater range 
of parameters and chain lengths. Some slight improve- 
ments in the algorithm and the HI t e n s ~ r ~ ~ ~ ~ ~  were also 
made, but the calculations were basically as described here. 

The new results cast doubt on the interpretation of data 
in this paper. This interpretation was based on several 
premises, namely: (1) Only the long-time behavior of the 
correlation functions is relevant to the calculation of [q] 
or D1 for long chains. (2) The long-time, long-chain be- 
havior will not depend on local dynamical properties such 
as the friction constant. (3) The notoriously slow con- 
vergence of hydrodynamic properties to long-chain limits 
could be compensated by a comparison of correlation 
functions for fluctuating HI with correlation functions for 
preaveraged HI. These premises, and a desire to save 
computing time, motivated the smoothing of HI for beads 
close together along the backbone, or close in space for a 
particular configuration. Unfortunately, the new data do 
not substantiate the premises. Even the first premise, 
which we consider more trustworthy than computer sim- 
ulations on short chains, seems somewhat dubious for D,. 
I t  is safe enough for [q], since the amplitude of Cs(0) is 
limited by purely conformational rather than dynamic 
properties. The third premise has a somewhat practical 
nature, and we need only remark that it is not borne out 
in practice. 

I t  seems unlikely that the simulations have major sys- 
tematic errors, because the transport coefficients Dl and 
[q] satisfy several bounds computed independently. 
Wilemski and TanakaZ1 have shown that Zimm's algor- 
i t h 2  provides an upper bound to [q], and we have shown 
the same to be true of his algorithm for D1.22 We have also 
devised lower bounds,22 rather similar in form and deriv- 
ation to the Peierls theorem of quantum statistics23 (nu- 
merical application has been made only to [q]). The dy- 
namical simulations satisfy both bounds. 

We hope to report on the new simulation and analytical 
results in the near future. 
Appendix 

The analytic correction to the Kirkwood formula is 
derived here for large N under the conditions of preav- 
eraged HI. A summary of formulas from the main text is 
presented for reference. The Kirkwood formula is simply 

our eq 3.13 for Do. The correction to it is given by eq 4.12 
for DIP. 

M M  

0 0  
Do = N-'CCHij 

where eq 4.4, 4.7, and 4.11 give 
E = H A  

B = ATHA (A4) 
0 I i I M (A5) 

Elements of the averaged HI matrix are given in eq 4.1, 
but here we need only the asymptotic form because we go 
to the limit of long chains. 

Rij N h*li - j1-1/2 (A61 

Aij = 6ij - 6ij-1 1 I j I M 

We now define the column array Pi by 
M 

0 
pi I C R . .  11 (A7) 

Equation A1 gives 
M 

0 
NDo = CPi 

With the column array G defined by 

eq A2 gives 
G = AB-lATP (A9) 

M 

0 
NDlp = CPiGi 

The A matrix on the right-hand side of (A9) suffices to give 

CGi = 0 (All)  

Multiplication of eq A9 from the left by ATH gives, with 
eq A4 

ATHG = ATP (A121 
The purpose of all this jugglery has been to put the 

equations in a form suitable for conversion to continuous 
indices and thereby to obtain an integral equation for the 
basic unknown Gi. Let 

M 

0 

i = (N/2)(1 + x )  -1 I x I 1 
(A13 

Conversion of eq A9 to continuous variables and evaluation 
of the integral gives 

j = (N/2)(1 + y) -1 I y I 1 

Pi = h*(N/2)'/2w(x) 6414) 
where 

w(x)  = 2[(1 + x)1/2 + (1 - x)'/2] (A15) 
Replacement of the elements Gi in (A10) by the function 
g(x)  gives, with eq A14 and A8 

or 
1 

Dlp/D0 = [3/16(21/2)] l l w ( x ) g ( x )  dx (A17) 

In the matrix equation for G, eq A12, the matrix AT is 
simply a difference operator which goes in the continuous 
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limit to d/dx. Conversion of the remaining part of the 
matrix equation to continuous variables and integration 
over x gives 

1 : l x  - yl-'/2g(y) dy = w(x)  + K (A181 

where K is an integration constant. K has to be chosen 
so that g ( x )  satisfies the continuous version of eq A l l ,  i.e. 

A last transformation appreciably simplifies the integral 

(A201 
equation. Let 

Equation A18 becomes 
A x )  = 1 + Kf(x) 

1 : l x  - ~I- ' /~f(x)  dx = 1 (A21) 

while (A19) gives 

K = - 2 / I : f ( x )  - dx (A22) 

Equation A17 reduces to 
Dlp/D0 = 1 + [3K/8(21/2)] (A23) 

The solution of eq A21 has been obtained by two in- 
dependent approaches. The method of Latta" is relatively 
elementary to work through. The integral transforms of 
the Gegenbauer polynomials presented by Auer and 
Gardner18 are not so elementary to derive, but it is perhaps 
more straightforward to use their formulas. With either 
method one derives 

f ( x )  = [?r(214]-1(1 - x2)-1/4 6424) 

With eq A22 to A24 it is a matter of manipulating r 
functions to derive the result given in eq 4.14. 

We have verified the observation of Stockmayer that our 
result for the diffusion constant with preaveraged HI is 

identical with that based on the Kirkwood-Riseman 
equation; see Yamakawa? p 272. The analytical formula 
of Zimm2 contains a typographical error; the corresponding 
numerical result is in agreement with ours. 
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ABSTRACT The influence of a transfer agent on the molecular weight distribution of ionic polymerizations 
in which two active species intervene has been theoretically analyzed. A kinetic scheme that  assumes 
instantaneous initiation as well as instantaneous reinitiation after transfer is used to obtain several mathematical 
expressions for the number- and weight-average molecular weights. In the same way, the effect of the rate 
constant of the different active species on the molecular weight averages is also discussed. 

Introduction distribution of chain lengths.' In ionic polymerization, 
Living polymers can be prepared only when both ter- broadening of the distribution may occur because of dif- 

mination and transfer reactions are absent. When this is ferent factors, such as slow initiation, spontaneous transfer, 
true and the initiation step is instantaneous, a single type and transfer to monomer. The influence of most of these 
of ionic species contributes to the growing chains, so that factors on the molecular weight distribution has been 
in most cases the resulting polymer has a narrow Poisson theoretically studied in the p a ~ t . ~ - ' ~  Very recently, the 
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